Abstract
Introduction

14
Our starting point is a third-order ordinary differential equation (ODE) 15 y = F (x, y, y , y ),
16 for a real function y = y(x). Here F = F (x, y, p, q) is a sufficiently smooth real function 17 of four real variables (x, y, p = y , q = y ).
18
Given another third-order ODE
it is often convenient to know whether there exists a suitable transformation of variables 21 (x, y, p, q) → (x,ȳ,p,q) which brings (2) to (1) . =x(x),ȳ =ȳ(x, y).
25
We say that two third-order ODEs, (1) and (2) , are (locally) f.p. equivalent iff there ex-
26
ists a (local) f.p. transformation (3), which brings (2) to (1) . The task of finding nec-27 cessary and sufficient conditions for ODEs (1) and (2) to be (locally) f.p. equivalent,
28
is called a f.p. equivalence problem for third-order ODEs. In the cases of (more gen-29 eral) point transformations and contact transformations, this problem was studied and 30 solved by Cartan [1] and Chern [2] in the years [1939] [1940] [1941] . The interest in these stud-
31
ies has been recently revived due to the fact that important equivalence classes of third-
32
order ODEs naturally define three-dimensional conformal Lorentzian structures including
33
Einstein-Weyl structures. This makes these equivalence problems aplicable not only to 34 differential geometry but also to the theory of integrable systems and general relativity
35
[3, 8, 11] .
36
In this paper we show how to construct four-dimensional split signature Einstein met-37 rics, starting from particular ODEs of third-order. We formulate the problem of f.p. equiv-38 alence in terms of differential forms. Invoking Cartan's equivalence method, we con-39 struct a six-dimensional manifold with a distinguished coframe on it, which encodes 40 all information about original equivalence problem. For specific types of the ODEs, the 41 class of Einstein metrics can be explicitly constructed from this coframe. This result is a 42 byproduct of the full solution of the f.p. equivalence problem, that will be described in
43
[5].
44
We acknowledge that all our calculations were checked by the independent use of the 45 two symbolic calculations programs: Maple and Mathematica. 
Third-order ODE and Cartan's method
Following Cartan and Chern, we rewrite (1), using 1-forms
49
These are defined on the second jet space J 2 locally parametrized by (x, y, p, q). Each (1) iff their corresponding forms (ω i ) and (ω j ) are related as above.
59
We now apply Cartan's equivalence method [9, 10] . Its key idea is to enlarge the space J 
1-forms
63 θ 1 = αω 1 , θ 2 = β(ω 2 + γω 1 ), θ 3 = (ω 3 + ηω 2 + κω 1 ),θ 3 = 1 36α Fω 3 + γ − 1 3 F q ω 2 + 1 2 γ 2 + K ω 1 , θ 4 = 6α Fω 4 , Ω 1 = 1 F−Fγ 2 + 2 3 FF q + 1 3 F 2+ 2F qqp γ + FK q + 2FK − 2F qqy ω 1 − γ α dα Ω 2 = − 1 6α F1 2 γ 2 + 1 3 F q γ + K ω 4 + 1 6α − 1 2 Fγ 2 + 1 3 FF q + F qqp γ + FK − F qqy ω 2 + 1 6α − 1 2 Fγ 3 + 1 6 F 2+ 1 3 FF q + F qqp γ 2 + (FK q − F qqy + FK)γ − 1 3 FF qy − FK p − 1 3 FF q K q + 1 3 F 2K ω 1 + 1 6α Fdγ,(6)
83
where K denotes
and ω i , i = 1, 2, 3, 4 are defined by the ODE via (4).
86
Exterior derivatives of the above invariant forms read 
93
In this case, the manifold P is (locally) the Lie group SO(2, 2) and the coframe 
The construction of the metrics
101
It is convenient to change the basis of 1-forms θ 1 , θ 2 , θ 3 , θ 4 , Ω 1 , Ω 2 on P to
After this change, Eqs. (7) 
118 If these conditions are satisfied then the exterior derivatives of (23) give also
120
Concluding, having conditions (10)- (12) 
123 and the following formulae for the matrix of 1-forms
Moreover, introducing the frame of the vector fields (
. . , τ 4 , Γ 1 , Γ 2 we get the following non-vanishing 2-forms R i j :
Here f i denotes X i (f ). It further follows that Ric ij = R k ikj satisfies
129
Ric ij = −G ij .
130
These preparatory steps enable us to associate with each f.p. equivalence class of ODEs
131
(1) satisfying conditions (10)-(12) a four-manifold M equipped with a split signature
132
Einstein metric G. This is done as follows.
• The system (13) guarantees that the distribution V spanned by the vector fields
is integrable. The leaf space of this foliation is four-dimensional and may be identified
135
with M. We also have the projection π : P → M.
136
• The tensor fieldG is degenerate,G(Y 1 , ·) = 0,G(Y 2 , ·) = 0, along the leaves of V.
137
Moreover, equations (13) imply that
Thus,G projects to a well-defined split signature metric G on M.
140
• The Levi-Civita connection 1-form for G and the curvature 2-form, pull-backed via π *
141
to P, identify with Γ i j and R i j , respectively.
142
• Thus, due to equations (14), the metric G satisfies the Einstein field equations with 143 cosmological constant Λ = −1.
144
Below we find all functions F = F (x, y, p, q) which solve conditions (10)- (12). This
145
will enable us to write down the explicit formulae for the Einstein metrics G associated with 146 the corresponding equations y = F (x, y, y , y ).
147
The conditions b = 0, c = 0 in coordinates x, y, p, q, α, γ read
149
The most general funtion F (x, y, p, q) defining third-order ODEs satisfying these con-
150
straints is
where σ, ξ are arbitrary functions of two and three varaibles, respectively. Since the equations 
158
Hence F is given by
and that
163
A straightforward application of Theorem 2.1 leads to the following expressions for the
164
'null coframe' (τ 1 , τ 2 , τ 3 , τ 4 ): 
Uniqueness of the metrics
200
In this section we prove the following theorem. 
207
• The tensor y , for which all the invariant functions 225 appearing in (7) and (23) vanish. P is now the Lie group SO(2, 2),G is a form on Lie 226 algebra so(2, 2), the distribution spanned by the degenerate fields N is a two-dimensional 227 subalgebra h ⊂ so(2, 2). FindingG is now a purely algebraic problem. In our case the basis
230 which agrees with a decomposition so(2, 2) = so(1, 2) ⊕ so(1, 2). A group of transforma- 
236
We use transformations (19) to obtain the most convenient form of the basis (N 1 , N 2 ) of 237 the subalgebra h ⊂ so(2, 2). We write down the metricG in the corresponding coframe p , we have, in a suitable coordinate system (x, y, z, t), is unique and has the form
This formula is used in the generic case explaining our choice of the coframe (8) and the 252 metric (9) . This finishes the proof of Theorem 4.1.
253
The Cartan connection and the distinguished class of ODEs
254
Here we provide an alternative description of the f.p. equivalence class of third-order
255
ODEs corresponding to F = F (x, y, p, q) of (15). We consider a four-dimensional manifold
256
M parametrized by (x, y, z, t). Then the geometry of a f.p. equivalence class of ODEs (15) 257 is in one to one correspondence with the geometry of a class of coframes
259
on M given modulo a special SO(2, 2) transformation
261
The Cartan equivalence method applied to the question if two coframes (20) are trans-
262
formable to each other via (21) gives the full system of invariants of this geometry. These 263 invariants consist of (i) a fibration π : P → M of Section 3, which now becomes a Cartan
264
bundle H → P → M with the two-dimensional structure group H generated by h i j , and (ii)
265
of an so(2, 2)-valued Cartan connection ω described by the coframe (τ 1 , τ 2 , τ 3 , τ 4 , Γ 1 , Γ 2 ) 266 of (13) on P. Explicitely, the connection ω is given by
268
To see that this is an so(2, 2) connection it is enough to note that g ij ω 
where n, e and k are given by (16). The connection ω and its curvature Ω yields all the f.p. by F of (15), we were able to find a split signature metric H for which connection ω is the F of (15) defines a large family of split signature metrics H for which ω is the Levi-Civita 296 connection. 1 Writing down the explicit formulae for these metrics is easy, but we do not 297 present them here, due to their ugliness and due to the fact that, regardless of the choice of 298 the four free functions, they never satisfy the Einstein equations. The proof of this last fact 299 is based on lengthy calculations using the explicit forms of the general solutions for (T i ). 
